We produce the first numerical relativity binary black hole gravitational waveforms in a highercurvature theory beyond general relativity. In particular, we study head-on collisions of binary black holes in order-reduced dynamical Chern-Simons gravity. This is a precursor to producing beyond-general-relativity waveforms for inspiraling binary black hole systems that are useful for gravitational wave detection. Head-on collisions are interesting in their own right, however, as they cleanly probe the quasi-normal mode spectrum of the final black hole. We thus compute the leading-order dynamical Chern-Simons modifications to the complex frequencies of the post-merger gravitational radiation. We consider equal-mass systems, with equal spins oriented along the axis of collision, resulting in remnant black holes with spin. We find modifications to the complex frequencies of the quasi-normal mode spectrum that behave as a power law with the spin of the remnant, and that are not degenerate with the frequencies associated with a Kerr black hole of any mass and spin. We discuss these results in the context of testing general relativity with gravitational wave observations.
I. INTRODUCTION
At some length scale, Einstein's theory of general relativity (GR) must break down and be reconciled with quantum mechanics in a beyond-GR theory of gravity. Binary black hole (BBH) mergers probe the strong-field, non-linear regime of gravity, and gravitational waves from these systems could thus contain signatures of such a theory. Current and future gravitational wave detectors have the power to test GR [1] , and BBH observations from LIGO and Virgo have given a roughly 96% agreement with GR [2, 3] .
These tests of GR, however, are presently nullhypothesis and parametrized tests [2, 4] , which use gravitational waveforms produced in GR with numerical relativity. An open problem is the simulation of BBH systems through full inspiral, merger, and ringdown in beyond-GR theories. Waveform predictions from such simulations would allow us to perform model-dependent tests, and to parametrize the behavior at merger in beyond-GR theories.
In this study, we consider dynamical Chern-Simons (dCS) gravity, a beyond-GR effective field theory that adds a scalar field coupled to spacetime curvature to the Einstein-Hilbert action, and has origins in string theory, loop quantum gravity, and inflation [5] [6] [7] [8] [9] . Computing the evolution of a binary system requires first specifying suitable initial conditions. Because the well-posedness of the initial value problem in full dCS gravity is unknown [10] , we work instead in a well-posed order-reduction scheme, in which we perturb the metric and scalar field around a GR background [11] . The leading-order modification to the spacetime metric, and hence gravitational radiation, * mokounko@tapir.caltech.edu occurs at second order, which is precisely the order we consider in this study, building on our previous work [11] [12] [13] .
While our ultimate goal is to produce full inspiralmerger-ringdown waveforms relevant for astrophysical BBH systems, in this study we consider the leading-order dCS corrections to binary black hole head-on collisions. Such configurations, while less astrophysically relevant than orbiting binaries, serve as a proof of principle for our method of producing BBH waveforms in a beyond-GR theory [13] , and are fast and efficient to run. Head-on collisions also contain interesting science in their own right, as they cleanly probe the quasi-normal mode (QNM) spectrum of the post-merger gravitational radiation [14] [15] [16] [17] . In this study, we thus produce the first BBH waveforms in a higher-curvature beyond-GR theory, and probe the leading-order dCS modification to the QNM spectrum of a head-on BBH collision.
A. Roadmap and conventions
This paper is organized as follows. We give an overview of our methods in Sec. II, and refer the reader to previous papers, [13] and [12] , as well as Appendices B and C, for technical details. We discuss fitting perturbed quasinormal modes in Sec. III. We present and discuss our results, including quasi-normal mode fits, in Sec. IV. We discuss the implications of this study on testing GR in Sec. V. We conclude in Sec. VI.
We set G = c = 1 throughout. Quantities are given in terms of units of M , the sum of the Christodolou masses of the background black holes at a given relaxation time [18] . Latin letters in the beginning of the alphabet {a, b, c, d . . .} denote 4-dimensional spacetime indices, while Latin letters in the middle of the alphabet {i, j, k, l, . . .} denote 3-dimensional spatial indices (present in the appendices). g ab refers to the spacetime metric with connection Γ a bc , while γ ij (used in the appendices) refers to the spatial metric from a 3+1 decomposition with corresponding timelike unit normal one-form n a (cf. [19] for a review of the 3+1 ADM formalism).
II. METHODS

A. Order-reduced dynamical Chern-Simons gravity
Full details about order-reduced dynamical ChernSimons gravity and our methods to simulate black hole spacetimes in this theory are given in [11] [12] [13] . Here we only briefly summarize.
The full dCS action takes the form
The first term is the Einstein-Hilbert action of GR, with the Planck mass denoted by m pl . The second term in the action is a kinetic term for the (axionic) scalar field. The third term, meanwhile, couples ϑ to spacetime curvature via the parity-odd Pontryagin density, *
where *
abef R ef cd is the dual of the Riemann tensor, and abcd ≡ √ −g [abcd] is the fully antisymmetric
Levi-Civita tensor [20] . This interaction is governed by a coupling constant , which has dimensions of length, and physically represents the length scale below which dCS corrections become relevant. The equations of motion for ϑ and g ab have the form
and
where
and T ϑ ab is the stress energy tensor for a canonical, massless Klein-Gordon field
Because of C ab in Eq. (4), the equation of motion is different from that of a metric in GR sourced by a scalar field. C ab , as given in Eq. (5), contains third derivatives of the metric, and it is thus unknown whether dCS has a well-posed initial value formulation [10] . But as is typical in the modern treatment of beyond-GR theories of gravity, we assume that dCS is a low-energy EFT of some UVcomplete theory that is well-posed. Therefore we work instead in well-posed order-reduced dCS, in which we perturb the metric and scalar field about an arbitrary GR spacetime, and obtain perturbed equations of motion. In particular, we introduce a dimensionless order-counting parameter ε which keeps track of powers of 2 . We then write
Each order in ε leads to an equation of motion with the same principal part as GR, and therefore is known to be well-posed at each order. Order ε 0 gives the Einstein field equations of general relativity for g (0) ab , the background GR metric, minimally coupled to a massless scalar ϑ (0) , which we can consistently treat as "frozen out" and thus set to zero. The scalar field is unfrozen at order ε 1 (cf. [11] ), and it takes the form of a sourced wave equation
where (0) is the d'Alembertian operator of the background and *
RR
(0) is the Pontryagin density of the background.
Because ϑ (0) vanishes, there is no correction to the metric at order ε 1 . The leading-order dCS correction to the spacetime metric, which will produce the leading-order dCS correction to the gravitational radiation, occurs at order ε 2 (cf. [11] ), and takes the linear form
ab is the linearized Einstein field equation operator of the background, and
where ∇ a (0) denotes the covariant derivative associated with g (0)
ab . Meanwhile,
To produce beyond-GR gravitational waveforms, our goal is thus to simultaneously evolve fully nonlinear vacuum Einstein equations for g (0) ab , Eq. (9) for ϑ (1) , and Eq. (10) for h (2) ab , to obtain the leading-order dCS correction to the spacetime metric and corresponding gravitational radiation.
Scaled variables
Because the evolution equations at some order ε k are homogeneous in 2k , we can scale out the dependence by defining new variables
With these substitutions, Eq. (9) becomes
Eq. (10) similarly becomes
where T
ab [∆ϑ] refers to the Klein-Gordon stress-energy tensor in Eq. (11) computed from ∆ϑ instead of ϑ (1) , and C
ab [∆ϑ] similarly refers to the C-tensor in Eq. (12) computed with ∆ϑ instead of ϑ (1) . We thus need to solve Eqs. (14) and (15) only once for each BBH background configuration, and then multiply our results for ∆g ab and ∆ϑ by appropriate powers of /GM and factors of 8 afterward.
B. Evolution
To evolve the first-order dCS metric perturbation, we evolve three systems of equations simultaneously: one for the GR background BBH spacetime, one for the scalar field ∆ϑ [cf. Eq. (14) ] sourced by the background curvature, and one for the metric perturbation ∆g ab [cf. Eq. (15) ], sourced by the background curvature and ∆ϑ. We evolve all variables concurrently, on the same computational domain.
All variables are evolved using the Spectral Einstein Code [21] , a pseudo-spectral code. The GR BBH background is evolved using a well-posed generalized harmonic formalism, with details given in [22] [23] [24] [25] . The first-order scalar field is evolved using the formalism detailed in [11] . Finally, the metric perturbation is evolved using the formalism given in [13] , a well-posed perturbed analogue of the generalized harmonic formalism. When evolving the metric perturbation, we have the freedom to choose a perturbed gauge, which we choose to be a harmonic gauge. We give details on perturbed gauge choices in Appendix B. We use the boundary conditions detailed in [11, 13, 26, 27] .
The GR BBH evolution governs the shape of the spectral domain, with an initial grid with two excision regions (one for each black hole), and a final, post-merger grid with one excision region [25] . The outer boundary is chosen to be ∼ 700 M . The background GR variables govern the adaptive mesh refinement [24] . This is justified, as high gradients in the background will source higher gradients in both the scalar field and the metric perturbation. For all of the evolved variables, in spherical subdomains we filter the top four tensor spherical harmonics, while we use an exponential Chebyshev filter in the radial direction [24] . We similarly filter the variables in subdomains with other topologies according the the prescriptions in [24] . For the constraint damping parameters (cf. [13, 22] ), we choose the standard values for BBH simulations.
C. Initial data
To perform an evolution, we must generate initial data for the background (metric) fields, the scalar field, and the metric perturbation. The background initial data for a BBH system are given by a constraint-satisfying superposition of black hole metrics in Kerr-Schild coordinates [28, 29] . The scalar field initial data are given by a superposition of slow-rotation solutions [11, 30, 31] . The constraint-satisfying initial data for ∆g ab are generated using the methods outlined in [12] . For head-on collisions, we start with a separation of 25 M , assuming that the contributions to the gravitational radiation and energy flux from times t 25 M are negligible.
In this study, we will consider axisymmetric configurations where the background spins of the black holes are oriented alongx, the axis along which they are colliding. Moreover, we will choose configurations where the two spins have the same orientation along the axis of collision so that the system has a reflection symmetry for x → −x (recall that spin is a pseudo-vector). We illustrate this configuration in Fig. 1 . We consider equal mass, equal spin configurations, with dimensionless spins χ between 0.1 and 0.8, in steps of 0.1. Kerr with χ = 0 is not a solution of dCS, and hence the initial configurations will have a non-zero dCS metric perturbation [30] . However, Schwarzschild is a solution of the theory, and hence we do not consider χ = 0.0, as there will be no metric perturbation in that case.
As a check, we also consider the opposite configuration to Fig. 1 , where the spins have opposite orientations. For the equal mass, equal spin systems considered in this study, the final remnant in this case (for all spins) is a Schwarzschild black hole. As Schwarzschild is a solution of dCS, there is zero (to within numerical error) final dCS metric perturbation or scalar field in the spacetime.
D. Wave Extraction
In the order reduction scheme, Ψ 4 , the NewmanPenrose scalar measuring the outgoing gravitational radiation is expanded about a GR solution as
If we substitute the expanded metric given in Eq. (7) into the expression for Ψ 4 (cf. Appendix C), we can match the terms order-by-order. Ψ
4 , the first-order correction, will have pieces linear in h
vanishes. Ψ (2) 4 , the second-order correction, will have pieces quadratic in h (1) ab , which will similarly vanish, and pieces linear in h (2) ab . Thus, the leading-order correction to the gravitational radiation will be linear in the leading-order correction to the spacetime metric.
In practice, we write [cf. Eq. (13)]
and we compute ∆Ψ 4 using the methods detailed in Appendix C.
Throughout the evolution, we extract Ψ
4 and ∆Ψ on a set of topologically spherical shells using the methods given in [32] . We similarly extract the scalar field ∆ϑ radiation on these spherical shells (cf. [11] ). Ψ (0) 4 and ∆Ψ 4 are then fit to a power series in 1/r (where r is the radius of the spherical shell) and extrapolated to infinity using the methods given in [18, 32] . We report all of the quantities as rΨ 
III. PERTURBATIONS TO QUASI-NORMAL MODES
Once we have obtained rΨ
4 , the background gravitational radiation, and rΨ (2) 4 , the leading order dynamical Chern-Simons deformation to the gravitational radiation, we can analyze the quasi-normal mode spectrum. As discussed in Sec. I, head-on BBH collisions cleanly probe the quasi-normal mode (QNM) spectrum of the post-merger spacetime. We are thus most interested in fitting for the QNM spectrum of rΨ (0) 4 , and the leading-order deformation to this spectrum in rΨ (2) 4 . A more technical/abstract derivation can be found in Appendix A.
A. Quasi-normal modes in general relativity A GR QNM waveform takes the form of a superposition of damped sinusoids
Here, l and m label the spin-weight −2 spheroidal harmonic under consideration, while n refers to the overtone, ordered by largest damping time. The quantitiesÃ andω are the complex amplitude and frequency of the (l, m, n) mode under consideration. For simplicity, we will henceforth omit the (l, m, n) indices onω andÃ, and consider each mode separately. We can writeω in terms of a real frequency, ω, and a damping time, τ , to givẽ
Let us similarly writeÃ
where A ≡ |Ã| is the norm ofÃ, and θ is the complex phase ofÃ. Then we obtain, for a single mode,
Since the GR background gravitational radiation is composed of QNMs, we can use the form above to fit for Ψ (0) 4 for each mode:
.
The quantities ω (0) and τ (0) are known from perturbation theory for each (l, m, n) [33] . Our fit thus determines two free parameters for each mode: A (0) , and θ (0) .
B. Perturbed quasi-normal modes
Let us now consider how to fit rΨ
4 after the merger. The QNM frequency, damping time, and amplitude will all be corrected from the background values as
Recall that the leading-order correction to the gravitational radiation is rΨ
4 , which is linear in h
ab and has a coupling factor of ( /GM ) 4 . Thus, the leading-order correction to ω will be ω (2) , as computed from a linearization of Eq. (18) , with a coupling factor of ( /GM ) 4 . Each mode of rΨ (2) 4 , the leading-order dCS correction to the gravitational radiation, will thus be parametrized by and linear in {ω (2) , τ (2) , A (2) , θ (2) }. Let us focus on the real part of Eq. (22) . Computing the leading-order perturbation to this expression gives us the form
, which can be more compactly written as
Re(rΨ
The imaginary part is similarly modified as
We thus see both an amplitude modification to the background QNM spectrum from the A (2) and θ (2) terms, and a modification linear in time from the ω (2) and τ (2) terms. We fit precisely the functional form in Eqs. (28) and (29) to the rΨ (2) 4 obtained from the simulation. Our fit determines four free parameters for each mode: {A (2) , θ (2) , ω (2) , τ (2) }; the other free parameters (28) and (29) are determined by the fit to rΨ (0) 4 using Eq. (22) . Note that this is different from simply fitting a damped sinusoid to rΨ (2) 4 . The presence of a term that behaves as ∼ te −iωt beside the ordinary damped sinusoids is a sign of secular breakdown, which is discussed in more detail in Sec. IV B 2.
C. Predictions for particular and homogeneous solutions
The metric perturbation h (2) ab satisfies a linear inhomogeneous differential equation. Its general solution will be a linear combination of a homogeneous and particular solution. Shortly after merger, the source driving h (2) ab is constructed from both the dCS scalar field ϑ (1) and the nonstationary background spacetime. At very late times, when ϑ
(1) settles down to a stationary configuration, the source for h (2) ab will also be stationary, sourcing just the stationary deformation h Def ab away from Kerr, plus any remaining homogeneous solution. That homogeneous solution coincides with the GR homogeneous solution, and thus has the same frequency and decay time as QNMs in GR (see Appendix A for a more rigorous derivation).
Meanwhile, at earlier times just after merger, the oscillating ϑ
(1) will generate a source term for h (2) ab that oscillates at the scalar field's frequency, and decays at the rate of the scalar field's decay. Thus at early times just after merger, there can be a substantial particular solution with a different frequency and decay time than the late-time behavior. We observe this behavior in Sec. IV D.
D. Scaling
Because the simulations (cf. Sec. II A 1) are independent of the coupling parameter /GM , the resulting waveforms for ϑ (1) and rΨ (2) 4 have the coupling scaled out. We will thus report our results as
and so on. Much of the QNM literature reportsω in terms of its real and imaginary parts,ω = Re(ω) + iIm(ω), without invoking a damping time τ . We can transform our results for τ into Im(ω) as
Similarly, given τ (2) , we can perturb the above expression to give
E. Mass and spin definitions
Since τ (0) and ω (0) are (by the no-hair theorem) dependent only on M and χ, the mass and dimensionless spin of the final black hole in GR, we should similarly expect ω (2) and τ (2) to be dependent on some final mass and final spin. In the full dCS theory, we expect the mass and spin of a dCS black hole to be modified with respect to those of a GR black hole (recall that Kerr is not a solution of dCS [30] ). The formulae used to compute mass and spin, because they are derived using properties of GR (cf. [19] ), may themselves be modified in the full dCS theory. If we had access to the full theory, we could parametrize the QNM spectra in terms of χ dCS and M dCS , as well as /GM . Since we are working in an order-reduction scheme, we can instead linearize the formulae used to compute the spin and mass of the final background black hole, and compute the corrected mass and spin. In this study, however, we choose to parametrize the QNM spectra in terms of the Christodoulou mass and dimensionless spin of the final background black hole, which we will call M f and χ f .
F. Fitting window
When fitting rΨ (0) 4 and rΨ (2) 4 , we must be careful about the time window of the post-merger waveform used for the fit. For rΨ (0) 4 , if we choose a starting time t start too close to merger, then our assumption that each mode can be fit by a function of the form in Eq. (18) breaks down [34] . The later we choose t start , the less data (not contaminated by numerical noise) are available to perform the fit. However, in [35] , the authors found that, when including overtones, the post-merger spectrum could be fit with QNMs as early as the peak of the gravitational waveform. We similarly fit enough overtones so that we can faithfully choose t start to be the peak of rΨ (0) 4 .
1
G. Practical considerations
To perform these linear fits, we use a least-squares method [36] . We fit a sum of overtones to each mode (l, m). We shift rΨ (0) 4 and rΨ (2) 4 to align at the peak of rΨ (0) 4 for each mode. We compute errors in our estimates of the parameters by considering the fitted values for a medium numerical resolution simulation and a high numerical resolution simulation (for the same initial configuration).
IV. RESULTS
A. Waveforms
During each simulation, we extract rΨ (0) 4 , the NewmanPenrose scalar measuring the outgoing gravitational radiation of the background spacetime, decomposed into spin-weight −2 spherical harmonics labelled by (l, m). Similarly, we extract and decompose rΨ (2) 4 , the leadingorder dCS correction to the gravitational radiation. Since the computational domain is of finite extent, both quantities are extrapolated to infinity. We additionally extract ϑ (1) , the scalar field, decomposed into spherical harmonics. In all cases, the spherical harmonics' azimuthal axes are oriented along the collision axis of the black holes, which we will callx. (scaled with radius r) for a head-on collision with χ = 0.1 along the axis of the collision (cf. Fig. 1 ). Each color corresponds to a different mode. For each mode, the solid curves represent the absolute value of the real part of the mode, while there is no power in the imaginary part. We resolve up to the l = 6 mode. We choose the reference time t peak to correspond to the peak time of the (2, 0) mode of rΨ (0) 4 .
We show the dominant modes of rΨ
4 for a representational case with χ = 0.1x in Fig. 2 . We similarly show the dominant modes of rΨ (2) 4 for this configuration in Fig. 3 . Recall that the physical gravitational radiation includes a coupling factor ( /GM ) 4 , which is scaled out in the numerical computation, and thus we report the waveforms as ( /GM ) −4 rΨ
4 . This configuration is axisymmetric about thex axis, and thus we expect only m = 0 modes to be excited. Since the spins have the same orientation, there is reflection symmetry about theŷ −ẑ plane, so we expect only the l = even modes to be excited.
Finally, we plot the dominant modes of ϑ (1) , the leadingorder dCS scalar field for this configuration, in Fig. 4 . Because the scalar field around each black hole takes the form of a dipole oriented aroundx (cf. [31] ), and the spins are pointing in the same direction (cf. Fig. 1 ), we expect power only in the odd l modes. Because of the axisymmetry of the configuration, we expect only the m = 0 modes to be excited. We see the (1, 0) mode asymptotes to a value that corresponds to the remnant dipolar profile of the scalar field on the final black hole.
B. Regime of validity
Instantaneous regime of validity
As discussed in Sec. II A 1, the leading-order scalar field ∆ϑ and metric perturbation ∆g ab as computed from the code are independent of the coupling constant /GM . In order to make our results physically meaningful, we must multiply the leading-order scalar field by ( /GM ) 2 and the leading-order metric correction by ( /GM ) 4 . Similarly, we 
4 , with the dCS coupling factor ( /GM ) 4 scaled out. Here, there is power in the imaginary part of each mode, which we show with dashed curves. t peak is again chosen to correspond to the peak time of the (2, 0) mode of rΨ Fig. 2 , but for the leading-order dCS scalar field ϑ (1) , with the coupling ( /GM ) 2 scaled out. We show the dominantly excited modes of the scalar field, as a function of time relative to merger, corrected by the finite extraction radius. The (1, 0) mode asymptotes to a value corresponding to the dipolar profile of the scalar field around the remnant black hole (we show the results at finite radius to emphasize this point).
must multiply the computed leading-order correction to the gravitational radiation, ∆Ψ, by a factor of ( /GM ) 4 .
Recall, however, that the order-reduction scheme is perturbative. The modifications to the spacetime must actually form a convergent perturbation series around GR. We thus require that g ab , the background metric, have a larger magnitude than h (2) ab at each point in the spacetime:
for some tolerance C. This gives an instantaneous regime of validity. Following Eq. (15), we can compute
and hence
In practice, the ratio is taken point-wise on the computational domain. We choose C = 0.1 as a rough tolerance. We show the regime of validity for a χ = 0.7x head-on collision in Fig. 5 . /GM takes its smallest allowed value in the strong-field region, outside the apparent horizon of each black hole. We see that closer to merger, where there is power in the metric perturbation, the maximal allowed value of /GM decreases. After merger, the maximal allowed value of /GM increases as the dCS metric perturbation partially radiates away, and the final constant value is governed by the strength of the dCS metric perturbation around the final black hole.
We show the behavior of the minimum allowed value of /GM , over the entire simulation, as a function of final dimensionless spin χ f in Fig. 6 . The regime of validity decreases with spin, as the magnitude of ∆g ab increases with spin. This scaling serves as a proxy for the allowed values of /GM when considering gravitational waveforms.
Secular regime of validity
In addition to an instantaneous regime of validity, our computations will also have a secular regime of validity. This arises from our perturbative scheme and is discussed in detail in [11] . In order for the perturbation scheme to remain valid, we want the perturbation that is going as ∼ te
−iω
(0) t in Eqs. (28) and (29) to remain small relative the background part ∼ e −iω (0) t in Eq. (22) . This gives us the condition
where |ω (2) | denotes the norm of the leading-order correction to the complex frequency [cf. Eqs. (19) and (33)]. This condition bounds how long the perturbation is valid by the secular time t sec , roughly
The (physical) value of /GM thus determines the time window over which the perturbative scheme is appropriate. Since this value is the same for all modes, we must take the most conservative estimate, minimizing the RHS of Eq. (38) over all modes.
C. Quasi-normal mode fits
We perform the quasi-normal mode fits detailed in Sec. III to rΨ (0) 4 and rΨ (2) 4 . We fit three overtones to each (l, m) mode. For each mode of rΨ (0) 4 , we use the perturbation theory results for the corresponding ω (0) , the GR QNM frequency, and τ (0) , the GR damping time [33] , and fit for the the QNM amplitudes (cf. Eq. (22)). From rΨ (2) 4 , we extract ω (2) , the leading-order dCS correction to 
4 , the leading-order dCS gravitational radiation, using the formulae in Eqs. (28) and (29), for a configuration with χ = 0.1 on each hole. Each panel corresponds to one of the dominant modes of the radiation, fit to the three least-damped overtones. The solid colored curves correspond to the real part of rΨ (2) 4 . We perform a fit for rΨ the QNM frequency, and τ (2) , the leading-order correction to the QNM damping time, as well as the leading-order corrections to the QNM amplitudes (cf. Eqs. (28) and (29)). We tabulate all of our fit results in Tables I and II. We show representative fits in Fig. 7 . We find that for head-on collisions, we can most successfully fit each mode from the peak of the waveform using three overtones. We set t end = 25 M after the peak. We take a closer look at this fit in Fig. 8 , where we give an illustration of the linear-in-time behavior of rΨ (2) 4 predicted by Eqs. (28) and (29) . We divide the terms of the form t cos() and t sin() by cos() and sin() respectively, finding that the result is indeed linear with time.
For each of the configurations, the final Christodolou mass of the background spacetime is M f = 0.9896. However, χ f , the final background spin, varies with configuration, and we include these values in Tables I and II. We plot the values of τ (2) (2,0,0) ( /GM ) −4 , the leadingorder dCS correction to the damping time of the leastdamped (2, 0) mode of the gravitational radiation, and ω (cf. Eqs. (28) and (29)). First, we show rΨ
as given by the numerical relativity simulation (solid black). Because rΨ
has an overall factor of e , we multiply this factor out, showing rΨ (thick blue). The resulting waveform then only depends on factors of the form (a + bt) cos(
). We individually show these sine and cosine pieces (solid pink and maroon). We then divide
), leaving only the linear-in-time coefficient (a + bt), and similarly for the sine term (dashed pink and maroon).
power law with spin. This behavior can be expected by considering analytical results in dCS theory. In the slowrotation approximation, the horizon (and hence the light ring) is modified at quadratic order in spin [31] , while containing no modifications at first order in spin [30] . We additionally plot τ (2) ( /GM ) −4 and ω (2) ( /GM ) −4 for the (4, 0, 0) mode in Figs. 11 and 12 . Again, we see that these quantities behave as a power law with spin.
Let us consider the sources of error in these computations. In each of Figs. 9 and 11, as well as the tabulated values in Tables. I, and II, the error bars on a fitted quantity Q are computed by comparing the value of Q for two simulations with different numerical resolutions (cf. Sec. IV C). The error bars on the fits for τ (2) , and ω (2) increase with l, being lowest for the (2, 0) mode, and highest for the (6, 0) mode. Higher modes are more difficult to resolve numerically [21, 23] , and thus it takes higher resolution for the error bars on the (6, 0) mode to decrease to those on the (2, 0) mode at lower resolution. The errors also increase with the spin of the system. This is because it is more difficult to resolve higher spin systems numerically [38, 39] . (2,0,0) , plotted as a function of dimensionless spin χ f of the final background black hole. Error bars (barely larger than the plotted points) are computed by considering τ (2) for numerical simulations with different resolutions (cf. IV C). We see that τ (2) increases as a power law with spin. Note that these large values of τ (2) ( /GM ) −4 must be multiplied by a small, appropriate value of ( /GM ) 4 to have physical meaning. 
(2,0,0) to the QNM frequency ω (0) (2,0,0) , plotted as a function of dimensionless spin χ f of the final background black hole. Error bars (smaller than the plotted points) are computed by considering ω (2) for numerical simulations with different resolutions (cf. IV C). We see that ω (2) increases as a power law with spin. Note that these large values of ω (2) ( /GM ) −4 must be multiplied by a small, appropriate value of ( /GM ) 4 to have physical meaning. 
D. Particular and homogeneous solutions
There is interesting behavior later on in the rΨ
4 waveforms. As we can see from e.g. Fig. 3 , there is a change in the overall slope that occurs in rΨ around 40 M after the peak time. This change in slope is convergent with resolution, and is present with and without adaptive mesh refinement. Later in the waveform, after this change in slope, both rΨ switches from being dominantly driven by the dCS scalar field entering the source term, to being source-free, as suggested in 
4 and rΨ
4 for χ = 0.1x. We fit a line (on this semi-log plot) to the peaks of the gravitational waveform during various stages of the post-merger waveform (black for rΨ have different damping times, whereas later in the waveform, they have the same damping time. This suggests that at late times, rΨ
is well-modeled as a QNM on a pure Kerr background.
Sec. III C and discussed further in Appendix A 4. In other words, the early post-merger dCS waveform correction is dominated by a particular solution of Eq. (10), whereas later it is dominated by a homogeneous solution.
We illustrate this behavior schematically in Fig. 13 . We consider the slopes of the logarithms of rΨ (0) 4 and rΨ (2) 4 , which is equivalent to finding a decay time for each. Note that this is not the same as the perturbed fits for rΨ ( 
2) 4
given in Eqs. (28) and (29) , which we use to extract τ (2) and ω (2) . At late times, the decay times of rΨ (0) 4 and rΨ (2) 4 are the same. In other words, the late-time leading order dCS modification to the gravitational radiation is the same as a GR QNM on Kerr.
We can corroborate this interpretation by looking at the scalar field in the strong field region, whose dynamics drive the radiative part of h (2) ab . As the scalar field settles down, it is no longer the dominant source driving h (2) ab , and the metric perturbation is dominantly driven by the Kerr background. However, making this interpretation more precise would be tricky: we must keep in mind that mapping between the strong-field region and a gravitational waveform at infinity requires utmost care (cf. [34] ).
V. IMPLICATIONS FOR TESTING GENERAL RELATIVITY
Let us now discuss this work in the context of testing GR with gravitational wave observations. Suppose that we were to observe a post-merger gravitational wave, given by rΨ 4 . We can check the consistency of this waveform TABLE I. Fitted QNM parameters for each head-on collision configuration considered in this study. All configurations have mass ratio q = 1 and final background Christodolou mass M f = 0.9896. The first column corresponds to the (equal) initial spins of the background black holes, which are oriented in the same direction along the axis of collision (cf. Fig. 1 ). The second column corresponds to the dimensionless spin χ f of the final background black hole. The third, fourth, and fifth columns correspond to the leading-order dCS correction to the QNM frequencies of the (2, 0, n) modes, ω
(2,0) (multiplied by the final background mass, and with the dCS coupling scaled out), for the n = 0, 1, 2 overtones. The sixth, seventh, and eighth column similarly correspond to τ (2) (2,0,n) , the leading-order dCS correction to the QNM damping times (divided by the final background mass and with the dCS coupling scaled out) for the n = 0, 1, 2 overtones. We provide a maximum allowed value of ( /GM ) 4 for each configuration (cf. Sec. IV B) in the last column. In order to be physically meaningful, the dCS QNM parameters must be multiplied by this factor. with GR, and with dCS.
Let us first suppose that = 0, meaning that there is no modification from GR. In GR, assuming the no-hair theorem is true, the frequency and damping time for each mode of ringdown should be parametrized purely by the mass, M f , and spin, χ f , of the final black hole. Given two observed modes, we have access to four quantitiestwo frequencies and two damping times. We can check that the fitted ω (l,m,n) and τ (l,m,n) are consistent with the predicted GR values for M f and χ f [1, 2, 4, 40, 41] .
If the values are not consistent with GR, meaning that there is a shift away from the predicted GR frequencies and damping times, we can check whether the fitted ω (l,m,n) and τ (l,m,n) agree with the leading-order dCScorrected frequencies and damping times computed using the methods in this study.
A. Checking non-degeneracy: projected
Let us consider whether it is possible in principle to measure dCS corrections ω (2) (l,m,n) and τ (2) (l,m,n) from a given waveform signal, or instead whether these quantities are degenerate with the GR values ω 
/M } for a given mode. GR solutions exist purely in the 2-dimensional submanifold S GR specified by {ω (2) = 0, τ (2) = 0}, with coordinates {M f , χ f } on the manifold. Suppose at some point (M 1 , χ 1 ) on S GR , we introduce a dCS deviation with some coupling ( /GM ) 4 . In other words, we will have For each χ f we introduce a dCS modification using the ω (2) and τ (2) that we have computed in this study. This modification depends on the coupling parameter ( /GM ), and thus forms a line (recall that the dependence on ( /GM ) is purely linear ) parametrized by ( /GM ) in the M f ω − τ /M f plane (solid maroon). Each such line on the plot is labeled by the value of the final dimensionless spin. Here we choose a conservative maximum value of ( /GM ) 4 = 10
for each spin. We see that this modification does not purely lie along the GR solution, and hence GR and dCS-corrected QNM spectra are non-degenerate.
where we have explicitly written out the dependence on the coupling constant with ∆ω ≡ ( /GM ) −4 ω (2) and ∆τ ≡ ( /GM ) −4 τ (2) , which can be read off of Figs. 9-12. If dCS modifications and GR are degenerate, then this modification will move purely within S GR . However, if dCS modifications and GR are non-degenerate, then the new point will be off S GR in P and the dCS modifications will form a 3-dimensional submanifold of P, S dCS , with coordinates {M f , χ f , /GM }.
Let us now consider this statement in the context of our numerical results. For simplicity, let us first consider holding M f constant in the comparisons. In Fig. 14 we have performed, with a given χ f (recall all of the M f are equal), we compute ω(χ f ) and τ (χ f ) via Eqs. (39) and (40) using our results for ∆ω = (
. This computation requires specifying a value of ( /GM ). If we vary ( /GM ) over an allowed range (cf. Sec. IV B), for each χ f we obtain a curve
If the dCS corrections to the quasi-normal mode spectrum were degenerate with GR, then L dCS (χ f ) would lie purely along L GR . In other words, the resulting QNM spectrum for χ f would be degenerate with that of GR for some other spin χ . However, we see in Figs. 14 and 15 that in all cases L dCS (χ f ) does not lie purely along L GR , meaning that the QNM spectra are non-degenerate. This in turn means that dCS modifications to QNM spectra can in principle be observed (in the limit of infinite signalto-noise ratio). Note that in this analysis, we have held M f fixed, since all of the head-on collision simulations in this paper have the same final black hole mass.
B. Checking non-degeneracy: full case
We can perform a more rigorous analysis, checking for full degeneracy, rather than the simpler check that holds M f fixed. Let us think about the 3-dimensional space F with coordinates {χ, M, ε 2 } (where ε is our dCS order-reduction parameter). Suppose we observe k QNMs, which gives us 2k quantities (ω and τ for each mode). Let Q be the 2k-dimensional space with these coordinates.
Let us consider the map φ : F → Q, which maps each set of parameters {χ, M, ε 2 } to the QNM values. The image φ(F) will form a 3-dimensional submanifold of Q, and the tangent space of the image will be spanned by the pushforwards of {∂/∂χ, ∂/∂M, ∂/∂ε 2 }. That is, {φ * ∂/∂χ, φ * ∂/∂M, φ * ∂/∂ε 2 }. Non-degeneracy in this context means that the dimension of the span of {φ * ∂/∂χ, φ * ∂/∂M, φ * ∂/∂ε 2 } is 3. This can be checked by looking at the rank of the 2k × 3 dimensional (Jacobian) matrix
Let us consider how to evaluate this matrix, working near ε 2 = 0 for each χ f and M f for which we have performed a head-on collision. Suppose we are considering some mode with QNM frequency ω lmn and damping time τ lmn . This will give us two rows in the matrix J.
Let us first compute
This can be done by computing the values of ω lmn M f and τ lmn /M f from perturbation theory [33] , varying only χ around χ f , and then taking a numerical derivative. We work with a step-size of 10 −10 , which is the default precision of [33] . Now let us compute the ∂/∂M column. For fixed χ f and 4 = 0, the dependence on M is
We evaluate these expressions at M = M f . Finally, for the last column, for fixed χ f , M f , we have
lmn /M f are the quantities we compute from our numerical fits.
We put the matrix J together with these values. Note that the ω rows all have a factor of 1/M f , while the τ rows have a factor of M f . Since each row is homogeneous in a power of M f , we can divide through without changing the rank of the matrix. We evaluate the rank of this matrix using a singular-value decomposition (SVD) [36] . For all values of {χ f , M f } in our head-on collisions dataset, we find that the rank of J is 3. The lowest singular value is 10 −2 − 10 −1 , while the condition numbers (the 2-norm, computed from the SVD) are of order 10 3 . Therefore, we conclude that dCS corrections to ringdowns have a distinct observational signature, as they are not degenerate with changing GR parameters of final mass and spin.
VI. CONCLUSION
In this study, we have produced the first beyond-GR BBH gravitational waveforms in full numerical relativity for a higher-curvature theory. We have considered headon collisions of BBHs in dynamical Chern-Simons gravity. While these are not likely to be astrophysically relevant configurations, they serve as a proof of principle of our ability to produce beyond-GR waveforms [13] . Future work in this program thus involves adding initial orbital angular momentum to the system and producing beyond-GR gravitational waveforms for inspiraling systems. We have previously evolved the leading order dCS scalar field for an inspiraling BBH background [11] , and can use our (fully-general) methods given in [12] and [13] to produce initial data for and evolve an inspiraling BBH system.
We have also studied modifications to the post-merger BBH head-on collision QNM spectra. We found that at leading order, the damping time of each QNM receives a modification that increases with the spin of the final black hole as a power law. The frequency of each QNM receives a similar modification. These modifications are not degenerate with GR. When performing inspiraling BBH simulations, we can repeat the analysis outlined in this paper to learn about the dCS modification to the QNM spectrum of an astrophysically relevant system. These results can then be applied to beyond-GR tests of BBH ringdowns [2, 4] . These simulations will also allow us to perform even more powerful tests of GR using full inspiralmerger-ringdown waveforms, thus taking advantage of the entire gravitational wave signal.
QNMs in GR
Under the final state conjecture [42] [43] [44] , the result of a merger of two Kerr black holes will uniquely be a perturbed Kerr BH, with the perturbation decaying with time. Therefore, the waveform after merger is typically modeled using linear black hole perturbation theory. That is, we treat the post-merger metric as
where g K ab is the Kerr metric, and ξ is a small formal order-counting parameter. The full metric satisfies the nonlinear Einstein equations up to order ξ 2 , yielding the linear PDE that h ab satisfies,
where G (1) [·] is the Einstein operator linearized about the Kerr background. Notice that QNMs are homogeneous solutions to this linear PDE.
In practice, the metric perturbation equations (A2) of GR are intractable, whereas curvature perturbations for the Weyl scalar Ψ 0 and Ψ 4 can be decoupled, yielding the Teukolsky equation [45, 46] , which we will denote as
In the Teukolsky formalism, QNMs are still homogeneous solutions. As Teukolsky showed, this partial differential equation is amenable to separation of variables. The most general homogeneous solution, at large r, is a linear combination
HereÃ lmn is a complex mode amplitude with complex frequencyω lmn . Here l, m label the angular harmonics, and n ≥ 0 labels the QNMs with the same lm in terms of increasing damping time, related to the imaginary part of the complex frequency (henceforth we suppress the lmn labels for brevity). The damping time τ > 0 is found viã
The functions e decomposed into spin-weighted spherical harmonics, where the spheroidals are a deformation of the sphericals. The spherical-spheroidal mixing coefficients can be computed [1, 33, 47, 48] , and the amount of mixing is small at low spins and frequencies, so we do not model the mixing in this paper.
QNMs beyond GR
Now suppose we are interested in some (unknown) beyond-GR theory that is UV complete. We assume that there is a parameter ε such that as ε → 0, this theory recovers GR. Therefore we can expand around ε = 0 to control the calculation. If we keep some leading number of terms, this theory will coincide with an order-reduced EFT, for example with order-reduced dCS as presented in Sec. II A. There are now two small parameters: the size of the GW perturbations ξ, and the amount of deformation away from GR, ε. The metric and any additional new degrees of freedom will now be a bivariate expansion in (ε, ξ). We will demonstrate this abstractly.
Suppose the nonlinear, UV-complete EOMs can be written as
where u is a vector of all the field variables [for example, any UV completion of dCS must include at least u = (g ab , ϑ, . . .)].
The new degrees of freedom should be frozen out in the ε → 0 limit. We assume these equations have a family of nonlinear solutions for stationary, axisymmetric BHs u BH (ε, M, a, . . .). As in GR, we conjecture that the final state of a merger of two BHs will be a unique perturbation to a single BH of this family. Therefore, we can perform linear perturbation theory about one solution, positing
and similarly for all other fields in u(ε) = u
. Linearizing Eq. (A6) about u BH would derive the linear EOMs that parallel GR's metric perturbation equations (A2), with some linear PDE
At the level of the "full" equations, QNMs are once again homogeneous solutions to this linear PDE. Since the background is axisymmetric, the perturbations will again decompose into azimuthal modes proportional to e imφ , labeled by m. Since the background is stationary, the perturbations will also decompose into modes proportional to e −iωt , labeled by complex frequenciesω, with Im[ω] < 0 if we assume the nonlinear BH solutions are stable.
The QNMs in this beyond-GR theory need not be diagonal in field space (g ab , ϑ, . . .). For example, mixed QNM modes are present in dCS, as discussed in [49] , and in Einstein-dilaton-Gauss-Bonnet gravity, as claimed in [50] [51] [52] [53] (though see below for further discussion). However, since all new degrees of freedom beyond the metric should freeze out in the limit ε → 0, the mode structure should become diagonal in field space in this limit. Regardless of the diagonal basis, in the r → ∞ limit, rΨ 4 will be a linear combination of the form
where λ labels the modes.
Perturbative treatment of QNMs beyond GR
We can now ask how these quantities are deformed away from their GR values. Notice that in Eq. (A9), the frequenciesω(ε) and the amplitude of each modeÃ λ (ε) should depend continuously on ε. Some modes λ will reduce to GR modes lmn in the limit as ε → 0, and their frequencies and amplitudes will reduce to the appropriate GR quantities. Additional modes (e.g. the "scalar-led" modes of [50, 51] ) will have amplitudes that vanish at ε = 0. Now turn to the bivariate expansion of Eq. (A7),
Here h Def is the deformation of the full BH metric away from the Kerr metric,
, and similarly the QNMs can be expanded into their GR parts h Q (0) and deformation h Q (1) . Doing so requires expanding all quantities in powers of ε,
and similarly for S lmn (ε, θ). The quantities with superscript (0) are the GR expression appearing in Eq. (A4). The real and imaginary parts ofω (k) follow the same expansion, but we also use τ ≡ −1/Im [ω] . Similarly expanding τ = k ε k τ (k) and using the chain rule gives
If we plug the leading order corrections from Eqs. (A11) and (A12) into the ansatz Eq. (A9), we will arrive at the form 
The quantity denoted by "mode mixing" is proportional to d dε S λ (ε, θ). Since we are already ignoring the difference between spherical and spheroidal harmonics in GR, we also ignore this extra mode mixing term in this manuscript. Let us make a few notes about the functional form of rΨ How does the new term ∼ ue −iω (0) u arise, which differs in form from both the GR and "exact" beyond-GR behaviors? To understand we have to look at the perturbative treatment of the equations of motion. We can model the metric sector of F as some deformation of Einstein's equations,
For example in dCS, εH ab = m pl 2 C ab − T ϑ ab which is divergence-free on shell. Inserting Eq. (A10) into Eq. (A17) and expanding will give order-reduced equations for the deformations. For example, setting ξ = 0 reduces to the BH background with no QNMs. The deformation h Def satisfies the inhomogeneous equation
Now including the terms at O(ξ), we see
] (expanded about g K ) will generate a source term for h Q (1) . In our numerical implementation we have the full GR metric solution, not an expansion in powers of ξ, so there can also be nonlinear (QNM) 2 and higher terms appearing in the source. This equation is different from the linearized EOM in GR (A2) or in the "exact" theory (A8): those are both homogeneous, whereas Eq. (A19) is inhomogeneous (it has a source term on the RHS). The solution will therefore have two parts: a homogeneous solution, and a particular solution. The linear differential operator G In [53] , the authors simulated the leading-order scalar field behavior on a binary black hole background in Einstein-dilaton-Gauss-Bonnet gravity, and found that the solution for the scalar field during ringdown contained two parts, similar to how we observed two pieces in Sec. IV D. The authors referred to these as "scalar-led" and "gravitational-led" modes which they suggest are due to mixing in field space.
This nomenclature was introduced in [50] but was seen earlier in dCS in Molina et al. [49] . In [49] , the authors investigated QNMs of Schwarzschild black holes in full dCS gravity. For zero spin, the system is well-posed, and thus can be solved in the full theory, without working in an order-reduction or other perturbative scheme.
3 The radial parts of the scalar and gravitational QNMs for each mode are governed by a set of fully coupled ODEs of the form (cf. Eqs. (2.8) and (2.9) in [49] ),
where r * is the usual Schwarzschild "tortoise" radial coordinate, ϑ is a spherical harmonic mode of the full dCS scalar field, Ψ is a spherical harmonic mode of the metric, and the V ij potentials are functions dependent on r and the dCS coupling parameter. Since ϑ and Ψ are coupled in this 2-dimensional linear ODE problem, we find two types of QNMs (scalar-led and gravitational-led, which become diagonal in field space in the limit → 0). However, we and [53] are both working in a perturbative scheme. In the perturbation scheme, the leading-order dCS metric perturbation h (2) ab does not back-react onto the leading scalar field ϑ (1) . If one applies the perturbation scheme to Eq. (A20) on the Schwarzschild background, the ODEs take the form
This matrix is triangular, so the solution for ϑ (1) can be found independently of Ψ (2) . Meanwhile, the QNMs of ϑ (1) enter into the source term for Ψ (2) .
3 Working on a Schwarzschild background within the orderreduction scheme also faithfully reproduces ϑ (1) = 0 and g
Thus, the presence of the "scalar-led" mode (now on a nonlinear, perturbed Kerr background) seen by [53] is not surprising, because the homogeneous solution of the beyond-GR scalar perturbation equation will contain the same scalar QNMs (homogeneous solutions) as in GR. Meanwhile, the "gravitational-led" mode in ϑ
(1) is surprising. However, looking back at Eq. (A19) suggests its origin (keeping in mind that everything in order-reduced dCS and EDGB is pushed up by a power of ε, so we should think of Eq. (A19) of suggesting the form of the scalar equation for ϑ (1) ). The nonlinear, perturbed Kerr background enters the source term on the RHS of (A19), generating a source that oscillates at the frequency of the background (GR) gravitational waves. This sources a particular solution at this frequency.
Therefore we conjecture that the "gravitational-led" mode appearing the scalar field in [53] was actually a particular solution, though it is fair to still consider it as part of the QNM spectrum. We can more generally conjecture that when the perturbative approach is applied to field-space mixed QNM modes, they will appear as combinations of homogeneous and particular solutions of the linear equations. Investigating this conjecture is beyond the scope of this work.
Appendix B: Choosing a perturbed gauge Throughout this appendix, as well as Appendix C, we use the notation developed in [13] , and standard 3+1 ADM decomposition notation [19] . Recall that g ab refers to the 4-dimensional spacetime metric, while γ ij refers to the 3-dimensional spatial metric. ∆Q is the leading-order perturbation to quantity Q.
The generalized harmonic evolution for the background follows from the equation
where Γ a ≡ g bc Γ bca , and H a is known as the gauge source function (cf. [22] for more details). Throughout the evolution, the gauge constraint,
must be satisfied. When generating initial data for g ab and ∂ t g ab , we are free to choose ∂ t α and ∂ t β i , the initial time derivatives of the lapse and shift. These quantities appear in Γ a , so choosing them is equivalent to choosing initial values of H a , via Eq. (B2). For example, for initial data in equilibrium, we can set ∂ t α = 0 and ∂ t β i = 0, and set H a to initially satisfy Eq. (B2). Alternatively, we can choose to work in a certain gauge, such as harmonic gauge with H a = 0, and set ∂ t α and ∂ t β i to satisfy Eq. (B2). As the evolution progresses, we can either leave H a fixed, or continuously 'roll' it into a different gauge, with the restriction that it contains only up to first derivatives of g ab to ensure well-posedness. In practice, for BBH in GR, we work in a damped harmonic gauge, with H a specified using the methods given in [24] .
The perturbed generalized harmonic evolution takes a similar form as Eq. (B1), with
where ∆Γ a is the first-order perturbation to Γ a , and ∆H a is a perturbed gauge source function. Similar to Eq. (B2), we have a perturbed gauge constraint,
At the start of the evolution, we similarly have the freedom to choose ∆H a , provided that it contains no higher than first derivatives of ∆g ab , and satisfies the perturbed gauge constraint Eq. (B4). When solving for perturbed initial data (cf. [12] ), we similarly have the freedom to choose ∂ t ∆α and ∂ t ∆β i , the time derivatives of the perturbed lapse and shift. An easy choice, for example, is to work in a perturbed harmonic gauge,
The outgoing gravitational radiation of a spacetime is encoded in the Newman-Penrose scalar Ψ 4 . In order to compute the leading-order correction to the binary black hole background radiation due to the metric perturbation ∆g ab , we need to compute ∆Ψ 4 , the leading-order correction to Ψ 4 . Ψ 4 , a scalar, is computed on a topologically spherical surface from a rank-two tensor U ij , contracted with a tetrad (in our case, a coordinate tetrad that converges to a quasi-Kinnersley tetrad at large radii). U ij on a surface with normal vectorn i takes the form
where E ij is the electric Weyl tensor, B ij is the magnetic Weyl tensor, ijk is the (spatial) Levi-Civita tensor, and the projection operators are given by
Here, the vectorn i and the one formn i are normalized using N ≡ γ ij n i n j with n i = γ ij n j . In order to perturb Ψ 4 , let us write the electric and magnetic Weyl tensors in Eq. (C1) in terms of the extrinsic curvature K ij ,
where R ij is the spatial Ricci tensor and D i is the spatial covariant derivative associated with γ ij . Perturbing Eq. (C5), we obtain
All of the perturbed quantities ∆g ij , ∆K ij , ∆(D k K ij ), and ∆R ij are given in terms of the perturbation to the spatial metric, ∆γ ij = ∆g ij , its spatial derivative ∂ k ∆γ ij = ∂ k ∆g ab , and its time derivative, ∂ t ∆γ ij = ∂ t ∆g ij in [12] . Note that since we use a first-order scheme, we have access to ∆g ab , ∂ c ∆g ab throughout the evolution (cf. [13] ).
Let us now work through the perturbations to the normal vectors and projection operators. Because we want the perturbation to the gravitational radiation to be extracted on the same surface as the background gravitational radiation, we will hold the unnormalized one-form to the surface, n i , fixed. That is, ∆n i = 0. From this, we can then compute ∆N = ∆(γ ij n i n j ) 1/2 = 1 2 ∆γ ij n i n j (γ ij n i n j ) −1/2 (C7) = 1 2N ∆γ ij n i n j , and
We can then perturb the projection operators,
where ∆γ i j = ∆γ ik γ kj + γ ik ∆γ kj Once we obtain ∆U mn , we use the same tetrad to generate ∆Ψ 4 from ∆U ij as we do for Ψ 4 .
